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1. Introduction
The product Hardy space was ﬁrst introduced by M.P. Malliavin and P. Malliavin [17], and R.F. Gundy and E.M. Stein [11]
in the late 1970s. Since then, the space has been studied extensively – see for example [4,5,8,12,14] and references therein.
Now, as is well known, the space Hp(Rn × Rm) could be deﬁned in several equivalent ways. For example, suppose
ψ(1) ∈ C∞0 (Rn), ψ(2) ∈ C∞0 (Rm),
∫
ψ(i) = 0 for i = 1,2, and Ψt1,t2 (x1, x2) = t−n1 t−m2 ψ(1)(x1/t1)ψ(2)(x2/t2). The area function
SΨ ( f ) associated with Ψ is deﬁned by
S2Ψ ( f )(x1, x2) =
∫ ∫
|x1−y1|<t1|x2−y2|<t2
∣∣Ψt1,t2 ∗ f (y1, y2)∣∣2 dy1 dy2 dt1 dt2
tn+11 t
m+1
2
. (1.1)
Then f ∈ Hp(Rn ×Rm) if and only if SΨ ( f ) ∈ Lp(Rn ×Rm) and ‖ f ‖Hp(Rn×Rm) = ‖SΨ ( f )‖Lp(Rn×Rm) , where max{ nn+1 , mm+1 } <
p  1. There is also a characterization of Hp by atomic decomposition. In [8,12], the authors showed that for every f ∈
Hp(Rn ×Rm) there exists a sequence of scalars λk and “atoms” ak so that f =∑k λkak with (∑k |λk|p)1/p  C‖ f ‖Hp . Recall
that, a function a is called an Hp-atom, max{ nn+1 , mm+1 } < p  1, if there exists an open set Ω with ﬁnite measure satisfying
(1) suppa ⊂ Ω;
(2) a has a further decomposition as a =∑R∈m(Ω) bR , where each bR is supported in the quadruple of R , a maximal dyadic
subrectangle of Ω , and∫
Rn
bR(x, y)dx = 0, ∀y ∈ Rm,
∫
Rm
bR(x, y)dy = 0, ∀x ∈ Rn;
(3) ‖a‖22  |Ω|1−2/p and
∑
R∈m(Ω) ‖bR‖22  |Ω|1−2/p .
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14,17].
The aim of this article is to study the product Hardy–Sobolev space H1,p(Rn × Rm), max{ nn+1 , mm+1 } < p  1, in terms
of atomic decomposition. We refer the reader to [2,13,16,18] for the discussions on the Hardy–Sobolev spaces in the one-
parameter theory.
For the statement of our result, let Mnm denote the set of all n×m real matrices. Given two matrices A and B in Mnm ,
we deﬁne the “dot product” between A and B by
A · B =
n∑
j=1
m∑
k=1
A jkB jk.
This is the Hilbert–Schmidt inner product for two matrices and more generally this is referred to as Schur product of two
matrices (see [15]). Let Hp(Rn × Rm,Mnm) denote the Hardy space of functions f = ( f i j)n×m each of whose components
f i j is in Hp(Rn × Rm) with norm
‖ f ‖Hp(Rn×Rm,Mnm) =
n∑
i=1
m∑
j=1
‖ f i j‖Hp(Rn×Rm).
Also, in the following of the article, we let ∇1 and ∇2 denote the gradient of the ﬁrst and second variable, respectively, and
let 1 =∑ni=1 ∂2∂x2i and 2 =∑mi=1 ∂2∂ y2i be the Laplacians on Rn and on Rm , respectively.
Deﬁnition 1.1. Denote by D(Rn × Rm) the space of inﬁnitely differentiable functions with compact supports and let
D′(Rn × Rm) denote the dual of D(Rn × Rm). We deﬁne H1,p(Rn × Rm), max{ nn+1 , mm+1 } < p  1, product Hardy–Sobolev
spaces as{
f ∈ D′(Rn × Rm): ∇1∇2 f ∈ Hp(Rn × Rm,Mnm)}
and set ‖ f ‖H1,p(Rn×Rm) = ‖∇1∇2 f ‖Hp(Rn×Rm,Mnm).
Now, a function a ∈ L2(Rn × Rm) is called an H1,p(Rn × Rm)-atom, max{ nn+1 , mm+1 } < p  1, if there exists an open set
Ω with ﬁnite measure satisfying:
(i) suppa ⊂ Ω;
(ii) a =∑R∈m(Ω) aR , where each ∇1∇2aR is supported in the quadruple of R , a maximal dyadic subrectangle of Ω , and
satisﬁes∫
Rn
∇1∇2aR(x, y)dx = 0, ∀y ∈ Rm,
∫
Rm
∇1∇2aR(x, y)dy = 0, ∀x ∈ Rn;
(iii) ‖∇1∇2a‖22  |Ω|1−2/p and
∑
R∈m(Ω) ‖∇1∇2aR‖22  |Ω|1−2/p .
Then the following result holds.
Theorem 1.2. A function f on Rn × Rm is in H1,p(Rn × Rm), max{ nn+1 , mm+1 } < p  1, if and only if it has a decomposition
f =
∞∑
k=0
λkak, (1.2)
where ak’s are H1,p(Rn × Rm)-atoms and∑∞k=0 |λk|p < ∞. Furthermore,
‖ f ‖H1,p(Rn×Rm) ∼ inf
{( ∞∑
k=0
|λk|p
)1/p
: f =
∞∑
k=0
λkak is an atomic decomposition
}
, (1.3)
where the inﬁmum is taken over all such decompositions.
As a consequence of the above theorem, we obtain the multi-parameter div-curl lemma for max{ nn+1 , mm+1 } < p  1. More
precisely, let us recall the following multi-parameter div-curl lemma concerning H1(Rn × Rm) (see [15]): Let 1 < p < ∞,
and 1/p + 1/q = 1. Suppose that E ∈ Lp(Rn × Rm;Mnm) and B ∈ Lq(Rn × Rm;Mnm) are such that
divx E jk(x, y) = 0, curlx B jk(x, y) = 0, ∀y ∈ Rm, ∀k
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divy E jk(x, y) = 0, curly B jk(x, y) = 0, ∀x ∈ Rn, ∀ j.
Then E · B belongs to product H1(Rn × Rm) with
‖E · B‖H1(Rn×Rm)  ‖E‖Lp(Rn×Rm;Mnm)‖B‖Lq(Rn×Rm;Mnm),
where the implicit constant is independent of E and B , Mnm is the set of all n ×m real matrices (see also [6]).
A natural question is to know what is the version of the above multi-parameter div-curl lemma for max{ nn+1 , mm+1 } <
p  1. From this point of view, we give an aﬃrmative answer in the following theorem.
Theorem 1.3. Let f ∈ H1,p(Rn × Rm), max{ nn+1 , mm+1 } < p  1, and E ∈ L∞(Rn × Rm;Mnm) with
divx E jk(x, y) = 0, ∀y ∈ Rm, ∀k
and
divy E jk(x, y) = 0, ∀x ∈ Rn, ∀ j.
Then E · ∇1∇2 f belongs to product H p(Rn × Rm) with
‖E · ∇1∇2 f ‖Hp(Rn×Rm)  ‖E‖L∞(Rn×Rm;Mnm)‖ f ‖H1,p(Rn×Rm;Mnm),
where the implicit constant is independent of E and f .
For the analogue of the above theorem in the single-parameter case, we refer to Theorem 1.1 in [3].
The article is organized as follows. In Section 2, we shall introduce the product Hardy–Sobolev space H1,p(Rn ×Rm) and
obtain an atomic decomposition (Theorem 1.2). We prove our Theorem 1.3 in Section 3, which is an endpoint version of
multi-parameter div-curl lemma [15].
Throughout, the letter “C” or “c” will denote (possibly different) constants that are independent of the essential variables.
2. Proof of Theorem 1.2
In order to prove Theorem 1.2, we follow the standard tent space approach. We shall work exclusively with the domain
R
n+1+ × Rm+1+ and its distinguished boundary, Rn × Rm . If x = (x1, x2) ∈ Rn × Rm , Γ (x) will denote the product cone Γ (x) =
Γ (x1) × Γ (x2) where Γ (x1) = {(y1, t1) ∈ Rn+1+ : |x1 − y1| < t1} and Γ (x2) = {(y2, t2) ∈ Rm+1+ : |x2 − y2| < t2}. If (x, t) ∈
R
n+1+ × Rm+1+ , then Rx,t will denote the rectangle centered at x ∈ Rn × Rm whose side lengths are t1 and t2. For any open
set Ω ⊂ Rn × Rm , the tent over Ω , T (Ω), is the set{
(x, t) ∈ Rn+1+ × Rm+1+ : Rx,t ⊆ Ω
}
. (2.1)
Let us recall some basic facts from [1,10] on product domains. First, the tent spaces T p,2, 0 < p < ∞, on Rn × Rm are
deﬁned by
T p,2
(
R
n × Rm) := {F : Rn × Rm → C; ‖F‖T p,2(Rn×Rm) := ∥∥A(F )∥∥Lp(Rn×Rm) < ∞},
where
AF (x) =
(∫ ∫
Γ (x)
∣∣F (y, t)∣∣2 dy dt
tn+11 t
m+1
2
)1/2
.
It has been proved in [8] that T p,2(Rn × Rm) ∩ T 2,2(Rn × Rm) is dense in T p,2(Rn × Rm), and every F ∈ T p,2(Rn × Rm)
has an atomic decomposition. For further reference, we record this result below.
Deﬁnition 2.1. A function a(x, t) is called a T p,2-atom, if there exists an open set Ω ⊂ Rn × Rm of ﬁnite measure satisfying
the following properties:
(i) a(x, t) can be further decomposed as a =∑R∈m(Ω) aR , where each aR is supported in T (3R), and R ⊂ Ω (say, R = I × J
in the sum) is a maximal dyadic subrectangle of Ω;
(ii) ‖a‖2
L2(dy dt/(t1t2))
 |Ω|1−2/p and ∑R∈m(Ω) ‖aR‖2L2(dy dt/(t1t2))  |Ω|1−2/p .
It turns out that, as in the single-parameter case, we have the following properties of tent spaces on product spaces.
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{A j}∞j=0 such that
F =
∑
j
λ j A j in T
p,2(
R
n × Rm) and a.e. in Rn+1+ × Rm+1+ . (2.2)
Moreover, (
∑∞
j=0 |λ j|p)1/p ≈ ‖F‖T p,2(Rn×Rm), where the implicit constants depend only on n and m. Finally, if F ∈ T p,2(Rn × Rm)∩
T 2,2(Rn × Rm), then the decomposition (2.2) also converges in T 2,2(Rn × Rm).
For the proof of this proposition, we refer it to Proposition 3.8, [7].
Proof of Theorem 1.2. Let max{ nn+1 , mm+1 } < p  1. We ﬁrst prove that for any function f ∈ H1,p(Rn × Rm), f possesses an
atomic decomposition as in (1.2). To see this, note that from Lemma 1.1 in [9], there exists a function ϕ : Rn → R such that
(1) suppϕ ⊂ B(0,1);
(2) ϕ ∈ C∞(Rn);
(3)
∫∞
0 t|ξ |2ϕˆ(tξ)2 dt = 1, ξ ∈ Rn \ {0},
where B(0,1) is the unit ball in Rn . Similarly, there exists a function ψ : Rm → R satisfying the above conditions with Rn
replaced by Rm .
Now, for f (x, y) ∈ H1,p(Rn × Rm) ∩ L2(Rn × Rm), denote ∇1∇2 f = ( f i j)n×m, where f i j = ∂xi ∂y j f . For ϕ ∈ D(Rn), denote
ϕt(x) = 1tn ϕ( xt ). Deﬁne
F (x, y, t, s) =
∑
i, j
f i j ∗1 (∂xiϕ)t ∗2 (∂y jψ)s(x, y), (2.3)
where we use ∗1 and ∗2 to denote the convolution on the ﬁrst and second variable, respectively. Since f i j ∈ Hp(Rn × Rm),
we have that S∂xiϕ,∂y jψ( f i j) ∈ Lp(Rn × Rm) and∥∥S∂xiϕ,∂y jψ( f i j)∥∥Lp(Rn×Rm)  C‖ f i j‖Hp(Rn×Rm), (2.4)
where S∂xiϕ,∂y jψ is the area function associated with functions ∂xiϕ on R
n and ∂y jψ on R
m (see (1.1)). This implies that
f i j ∗1 (∂xiϕ)t ∗2 (∂y jψ)s ∈ T p,2(Rn × Rm). Thus, we further have F ∈ T p,2(Rn × Rm) and
‖F‖T p,2(Rn×Rm)  C‖∇1∇2 f ‖Hp(Rn×Rm,Mnm). (2.5)
Using the atomic decomposition for tent spaces, F has a decomposition F =∑∞k=0 λkbk with( ∞∑
k=0
|λk|p
)1/p
 C‖F‖T p,2(Rn×Rm), (2.6)
where bk ’s are T p,2(Rn × Rm)-atoms, i.e., there exist open sets Ωk with ﬁnite measure such that
(α) suppbk ⊂ Ω̂k;
(β) ‖bk‖2
L2( dxdy dt dsts )
 |Ωk|1−2/p;
(γ ) bk =∑R∈m(Ωk) bk,R , where suppbk,R ⊂ 3̂R and ∑R∈m(Ωk) ‖bk,R‖2L2( dxdy dt dsts )  |Ωk|1−2/p .
We now deﬁne
ak =
∞∫
0
∞∫
0
bk ∗1 ϕt ∗2 ψs dt ds =:
∑
R∈m(Ωk)
ak,R
using condition bk =∑R∈m(Ωk) bk,R , where
ak,R =
∞∫ ∞∫
bk,R ∗1 ϕt ∗2 ψs dt ds.0 0
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πϕ,ψ(α) =
∞∫
0
∞∫
0
α ∗1 ϕt ∗2 ψs dt
t
ds
s
is bounded from T 2,2 to L2 and ‖πϕ,ψ(α)‖L2  C‖α‖T 2,2 for any α ∈ T 2,2.
Since bk is a T p,2-atom, bk ∈ T 2,2. The boundedness of πϕ,ψ implies that
∇1∇2ak =
∞∫
0
∞∫
0
ts∇1∇2(bk ∗1 ϕt ∗2 ψs)dtt
ds
s
.
Similarly, we have
∇1∇2ak,R =
∞∫
0
∞∫
0
ts∇1∇2(bk,R ∗1 ϕt ∗2 ψs)dtt
ds
s
.
Using the property of T p,2(Rn × Rm)-atoms, we can see that ∇1∇2ak and ∇1∇2ak,R satisfy conditions (ii) and (iii) of the
deﬁnition of H1,p(Rn × Rm)-atom. This implies that each ak is an H1,p(Rn × Rm)-atom. Finally, note that using the Fourier
transform on the ﬁrst and second variable, respectively, we have
f =
∑
i, j
∞∫
0
∞∫
0
(
f i j ∗1 (∂xiϕ)t ∗2 (∂y jψ)s
) ∗1 ϕt ∗2 ψs dt ds, (2.7)
which, together with (2.3), implies that
f =
∞∫
0
∞∫
0
F ∗1 ϕt ∗2 ψs dt ds =
∞∫
0
∞∫
0
∞∑
k=0
(λkbk) ∗1 ϕt ∗2 ψs dt ds =
∞∑
k=0
λkak
with (
∑∞
j=0 |λ j |p)1/p ≈ ‖F‖T p,2(Rn×Rm)  C‖ f ‖H1,p(Rn×Rm). This implies (1.2) holds. Moreover, (2.5) and (2.6) together imply
that (1.3) holds.
Next, we will show that for any f as in (1.2), f ∈ H1,p(Rn ×Rm). Suppose f =∑∞k=0 λkak , where ak ’s are H1,p(Rn ×Rm)-
atoms. To prove f ∈ D′(Rn ×Rm), it is suﬃcient to show that the sum ∑∞k=0 λkak is convergent in the sense of distributions.
Note that for g ∈ D′(Rn),
〈∇g,ϕ〉 = −
∫
Rn
g divϕ dx
for all ϕ ∈ D(Rn,Rn). Hence, for ϕ ∈ D(Rn × Rm), there exists ψ ∈ D(Rn × Rm,Mnm) such that
〈∇1∇2 f ,ψ〉 =
∫
Rn×Rm
f ϕ dxdy. (2.8)
Thus, for any ϕ ∈ D(Rn × Rm), (2.8) implies that∣∣∣∣∣
∫
Rn×Rm
(
M∑
k=m
λkak
)
ϕ dxdy
∣∣∣∣∣=
∣∣∣∣∣
∫
Rn×Rm
M∑
k=m
λk∇1∇2akψ dxdy
∣∣∣∣∣.
Note that each ∇1∇2ak is an Hp-atom. From ∑k |λk|p < ∞, we know that ∑k λk∇1∇2ak ∈ Hp(Rn ×Rm,Mnm). This implies
that
∫
Rn×Rm
∑M
k=m λk∇1∇2akψ dxdy → 0 as m,M → ∞.
The convergence of
∑∞
k=0 λkak in the sense of distributions is proved. Applying the atomic decomposition theorem for
Hp(Rn × Rm,Mnm), we have ∇1∇2 f ∈ Hp(Rn × Rm,Mnm) and
‖ f ‖ H1,p(Rn×Rm) = ‖∇1∇2 f ‖H1(Rn×Rm,Mnm)  C
( ∞∑
k=0
|λk|p
)1/p
.
That is f ∈ H1,p(Rn × Rm). The proof of the theorem is ﬁnished. 
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In this section, we prove Theorem 1.3, which is an endpoint version of the multi-parameter div-curl lemma for
max{ nn+1 , mm+1 } < p  1 in terms of the product Hardy–Sobolev space H1,p(Rn × Rm).
Proof of Theorem 1.3. Let max{ nn+1 , mm+1 } < p  1. If f ∈ H1,p(Rn × Rm), then Theorem 1.2 yields that f has the decompo-
sition
f =
∞∑
k=0
λkak,
where the ak ’s are H1,p(Rn × Rm)-atoms and ∑∞k=0 |λk|p < ∞. Therefore, for E ∈ L∞(Rn × Rm;Mnm), we have
E · ∇1∇2 f =
∞∑
k=0
λk E · ∇1∇2ak.
Thus, to prove E · ∇1∇2 f ∈ Hp(Rn × Rm), we only need to show that E · ∇1∇2ak are Hp(Rn × Rm)-atoms by the atomic
decomposition theorem for Hp(Rn×Rm). Since ak are H1,p(Rn×Rm)-atoms, there exists an open set Ωk with ﬁnite measure
such that
supp∇1∇2ak ∈ Ωk, ‖∇1∇2ak‖2L2(Rn×Rm)  |Ωk|1−2/p
and ak =∑R∈m(Ω) ak,R , where ∇1∇2ak,R satisfy conditions (ii) and (iii) of the H1,p-atom. Combining these with E ∈ L∞(Rn×
R
m;Mnm), we have that
supp E · ∇1∇2ak ⊂ Ωk, ‖E · ∇1∇2ak‖2L2(Rn×Rm)  C |Ωk|1−2/p
and ∑
R∈m(Ωk)
‖E · ∇1∇2ak,R‖2L2(Rn×Rm)  C |Ω|1−2/p
with C = Cn,m‖E‖2L∞(Rn×Rm;Mnm) . Since divx E jk(x, y) = 0 for every y ∈ Rm and divy E jk(x, y) = 0 for every x ∈ Rn , we can
calculate that
E · ∇1∇2ak,R = divx divy(ak,R E),
which yields the moment condition
∫
Rn
(E · ∇1∇2ak,R)(x, y)dx =
∫
Rn
(
divx divy(ak,R E)
)
(x, y)dx =
∫
Rn
(
divx
(
m∑
j=1
∂y j (ak,R E j)
))
(x, y)dx
=
m∑
j=1
∫
Rn
(
divx
(
∂y j (ak,R E j)
))
(x, y)dx = 0,
where E j = (E1 j, . . . , Enj) and similarly∫
Rm
(E · ∇1∇2ak,R)(x, y)dy = 0.
Hence, the proof of Theorem 1.3 is complete. 
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